We consider the coupled evolution of density, (scalar) metric and dilaton perturbations in the transition from a "stringy" phase of growing curvature and gravitational coupling to the standard radiation-dominated cosmology. We show that dilaton production, with a spectrum tilted towards large frequencies, emerges as a general property of this scenario. We discuss the frame-independence of the dilaton spectrum and of the inflationary properties of the metric background by using, as a model of source, a pressureless gas of weakly interacting strings, which is shown to provide an approximate but consistent solution to the full system of background equations and string equations of motion. We combine various cosmological bounds on a growing dilaton spectrum with the bound on the dilaton mass obtained from tests of the equivalence principle, and we find allowed windows compatible with a universe that is dominated, at present, by a relic background of dilatonic dark matter.
Introduction and motivations
It is well known that fluctuations of the metric background are amplified in the context of inflationary cosmologies, and that the amplification of their transverse, traceless (spin 2) component can be interpreted as graviton production [1] . Models of the early universe based on the low-energy string effective action (what we shall refer to, for short, as "string cosmology"), are characterized by the additional presence of a dilaton background, φ(t). It is natural to expect an amplification of the fluctuations δφ ≡ χ of the dilaton background -with corresponding dilaton production -to accompany that of the metric for a suitable time-evolution of the cosmological fields.
In this paper we discuss such a dilaton production in the context of the socalled "pre-big-bang" scenario [2] , characterized by an accelerated evolution from a flat, cold and weakly coupled initial regime to a final hot, highly curved, strong coupling regime, marking the beginning of the standard "post-big-bang" decelerated FRW cosmology. With this background, the spectrum of the produced dilatons tends to grow with frequency, just as in the (previously discussed [2, 3] ) case of graviton production. As we shall see in Sec.3, the high-frequency part of the spectral distribution, Ω χ , of the dilaton energy density can be parametrized where M p ≃ 10 19 GeV is the Planck mass. Here H 1 is the curvature scale evaluated at the time t 1 marking the end of the inflationary epoch (which we assume to coincide with the beginning of radiation dominance); ω 1 = H 1 a 1 /a is the maximum amplified proper frequency; H =ȧ/a, where a, as usual, is the scale factor of the background metric. The integral over ω is thus dominated by the highest frequency ω 1 ,
(1.2) and the condition Ω χ < 1, required to avoid that the dilatons overclose the universe in the radiation-dominated era (a ∼ H −1/2 ), yields the constraint H 1 < ∼ M p , already known [2, 3] from the graviton spectrum.
The produced dilatons, however, cannot be massless. Large-distance dilaton couplings can be estimated [4] and turn out to be at least of gravitational strength.
This violates the universality of gravity at low energy and, in particular, induces corrections to the effective Newton potential (in the static, weak-field limit), which may be reconciled with the present tests of the equivalence principle [5] only for a dilaton mass satisfying [4, 6] :
The expression (1.2) is thus valid only until the energy density remains dominated by the relativistic modes, with ω(t) > m. But, at the present time t 0 (with H 0 ∼ 10 −61 M p ), the maximum frequency ω 1 is where H 2 ∼ 10 6 H 0 is the curvature scale at the matter-radiation transition. The condition Ω χ ≤ 1 then provides, for any given inflation scale H 1 , an upper limit for the dilaton mass,
valid for m < H 1 under the assumption that its lifetime is sufficiently long to reach the matter-dominated era (if m > H 1 the dilaton must decay before becoming dominant with respect to the radiation, as we shall see in Sec.5, and the critical density bound cannot be applied).
In addition to the constraint (1.7), which is an unavoidable consequence of the quantum fluctuations of the dilaton background, one should also consider, in general, the constraints following from possible classical oscillations of the background around the minimum of the potential [7] . The initial amplitude of such oscillations is, however, to a large extent model-dependent and, as discussed in Sec.5, we shall work under the assumption that classical oscillations are negligible with respect to the quantum fluctuations amplified by the cosmological evolution. This assumption will give us the maximum allowed region in parameter space.
In the absence of classical oscillations, the upper limit on m obtained from eq. (1.7), combined with the lower limit (1.3), defines for each value of δ and H 1 an allowed window for the dilaton mass such that, near the upper end of the window, the produced dilatons can close the universe. Such a dilaton dominance, however, can last only until the energy density in dilatons is dissipated into radiation, which occurs at a decay scale
We are thus led to the first interesting result of this analysis. If δ > ∼ 0.1, the upper limit (1.7) turns out to be larger than the lower bound (1.3) even for inflation scales H 1 ≥ 10 −5 M p . Moreover, always for H 1 ≥ 10 −5 M p , the largest value of m allowed by eq. (1.7) is m ≃ 100 M eV (obtained for δ ≥ 1), and it implies H d < ∼ H 0 .
This means that, for fast enough growing spectra, and "realistic" (at least in a string cosmology context) inflation scales H 1 ≥ 10 −5 M p , we can be left today with a background of relic dilatons possibly representing a significant fraction of the dark-matter background [8] . The allowed ranges of m corresponding to this interesting possibility lie around the upper limits given in (1.7) and thus depend on δ and H 1 in a complicated way. For 0.1 < ∼ δ < ∼ 0.72 the range of H 1 for which this possibility can be realized is given by Fig.1 ). The lower bound on δ is imposed by the simultaneous requirements H 1 ≥ 10 −5 M p and m ≥ m 0 , together with eq. (1.7). As H 1 /M p is varied between 10 −5 and 1 the corresponding dilaton mass varies over the whole domain from 10 −4 eV to 100 M eV . For lower spectral slopes (δ < 0.1), the present existence of a dominant dilaton background becomes possible only for (unrealistically) low inflation scales, as first pointed out in ref. [9] for the case of scalar perturbations with a flat (δ = 0) spectrum. Note that, according to eq. (1.9), a final inflation scale H 1 exactly coinciding with the string scale itself, ∼ 10 −1 M p , would be compatible with a present light dilaton dominance only for δ > ∼ 0.61.
The inflation scale H 1 determines also the amplitude of scalar perturbations ψ of the metric itself, and it is thus constrained by the scalar contribution to the CMBR anisotropies (the contribution of tensor perturbations turns out to be negligible in our context, as their spectrum grows very fast with frequency [2, 3] ). The behaviour of the scalar perturbation spectrum, as we shall see, depends in general on the adopted model of matter sources and background evolution, and it is fair to say that our present knowledge of the details of the stringy pre-big-bang phase is too poor to make stringent predictions on the exact value of the spectral index δ. On the other hand, fortunately, the properties of a massive dilaton background are only weakly dependent on the value of the spectral index for δ > 0, and rapidly become spectrum-independent as soon as δ ≥ 1. The particular example chosen in this paper (see Sec.4) to discuss dilaton production, namely a three-dimensional, isotropic, dilaton-dominated background with negligible matter sources, gives the same spectrum (very fast growing, δ = 3), for scalar (ψ), dilaton (χ) and tensor (h µν ) perturbations. However, such an example is chosen here for simplicity reasons only, in order to develop a first qualitative sketch of the scenario associated with dilaton production, and it should not be taken as particularly indicative for what regards the spectral properties of the metric perturbations. For a phenomenological discussion it is better to leave open the possibility of different spectra for ψ and χ (possibility which is in general allowed in this context, as we shall see in Sec.3), and to parametrize the scalar (metric) energy density as
The interesting question to ask at this point is whether, in the same range of H 1 which we believe to be realistic, it is possible to produce enough dilatons to close the present universe and, at the same time, to generate scalar perturbations with a spectrum consistent with the anisotropy observed by COBE [10] . This amounts to requiring
where ω 0 = H 0 is the minimum amplified frequency corresponding to a wave crossing today the Hubble radius, and t 2 is the time of matter-radiation equilibrium, nearly coincident with the time of recombination.
The answer, perhaps surprisingly, is yes: the third requirement of eq. (1.11)
is compatible with the other two, provided the scalar spectrum is also growing, and
This allowed range of n is well contained in the range of the spectral index originally determined by COBE [10] , n = 1±0.5, and is also consistent with the new recent fit [11] , which gives n = 1.5 ± 0.5. It may be interesting to recall, in this context, that growing scalar perturbations, with n ≃ 1.25, are also required for a simultaneous fit of the COBE anisotropies and of the observed bulk motion and large voids structures on a 50 M pc scale [12] . Growing scalar spectra can be obtained in the "hybrid inflation" model proposed by Linde [13] and recently generalized to the class of "false vacuum inflation" [14] (see also [15] ). Note also that the condition (1.12) would not be incompatible with the lower bound on δ required for a present dominant dilaton background (according to eq. (1.9)), even in the case of equal scalar and dilaton spectrum, δ = n − 1.
Concluding this qualitative analysis, we can say that the possibility of producing a dilaton background that saturates the closure density, together with scalar perturbations that provide the observed cosmic anisotropies, seems to be naturally associated with a growing dilaton spectrum, δ > 0. The fact that such a spectrum is typical of string-based pre-big-bang models represents, in our opinion, an interesting aspect of such models, and motivates the study of dilaton production in the string cosmology scenario. A requirement analogous to eq. (1.11), formulated however in the context of extended inflation models where the fluctuation spectrum of the Brans-Dicke scalar is not growing, may be satisfied [16] only for a reheating temperature T r < 10 13 GeV , namely for very low scales H 1 ≃ T 2 r /M p ≤ 10 −12 M p . We note, finally, that the possibility of inflationary production of massless scalar particles, associated with excitations of the Brans-Dicke field, was also pointed out in ref. [17] , and previously discussed in ref. [18] for the massive case (with m < H 1 ), but always in the context of exponential inflation, which is not the natural inflationary background corresponding to the low-energy string effective action.
The paper is organized as follows. In Sec.2 we present the general exact solutions (for space-independent fields) of the system of background field equations, including classical string sources, following from the tree-level string effective action at lowest order in α ′ . The explicit form of the solution is displayed, in particular, for a perfect fluid model of sources, in D = d + 1 dimensions, for any given equation of state. The low curvature and large curvature limit of such solutions are given both in the Brans-Dicke and in the conformally related Einstein frame. In Sec.3 we derive the coupled system of scalar (metric plus dilaton) perturbation equations, including the perturbations of the matter sources in the perfect fluid form. Such equations are applied to compute the scalar perturbation spectrum for a specific case of background evolution motivated by a model of sources (presented in Sec.4) in which the dominant form of matter is a sufficiently diluted, non-interacting gas of large macroscopic strings. The background describes a phase of growing curvature and accelerated kinematic (of the pre-big-bang type), which is expected to evolve towards the standard, radiation-dominated cosmology. The frame-independence of the inflationary properties of such background is also discussed in Sec.4. The corresponding spectrum of the produced dilatons is discussed in Sec.5, where it is shown that, because of its fast growth with frequency, the phenomenological constraints leave open a window compatible with the possible dominance of relic dilatons (in the hypothesis of negligible classical oscillations of the dilaton background). The main results of this paper are finally summarized and briefly discussed in Sec.6.
General solution of the background field equations
We will assume the evolution of the universe to be described at curvatures below the string/Planck scale by the equations
Such a system of equations follows from the low-energy (D-dimensional) effective action of closed (super)string theory [19] ,
Here φ is the dilaton field and H µνα the field strength of the two-index antisymmetric (torsion) tensor B µν = −B νµ . We have included a possible dilaton potential, V (φ), and also a possible phenomenological contribution of the matter sources represented by the action S M , whose metric variation produces the stress tensor T µν . We shall consider, in this paper, homogeneous backgrounds that are independent of all space-like coordinates (Bianchi I type, with d Abelian isometries), and for which a synchronous frame exists where g 00 = 1, g 0i = 0 = B 0i (conventions:
µ, ν = 0, 1, ....D = d + 1; i, j = 1, 2, ....d). We shall assume, moreover, that the action S M describes "bulk" string matter, satisfying the classical string equations of motion in the given background. At tree level V is a constant. In terms of the "shifted dilaton"
the field equations (2.1)-(2.3) can be written in matrix form as [20] 
(a dot denotes differentiation with respect to the cosmic time t, and we have used units in which 8πG D = 1, so that both ρ and T have dimensions L −2 ). Here M is a 2d × 2d matrix, 
For a suitable class of dilaton potentials such a system can be solved by quadratures, following the method presented in ref. [2] .
Here we shall concentrate, in particular, on the case V = 0, corresponding to strings in critical space-time dimensions (which does not exclude, however, a description of cosmology in d = 3 if we add the right number of spectator dimensions in order to compensate the central charge deficit 
(a prime denotes differentiation with respect to x, and x 0 is an integration constant).
By exploiting the fact that M is a symmetric O(d, d) matrix, M ηM = η, and that, because of the definition of T (see ref. [20] ) 
where φ 0 and M 0 are integration constants (M 0 is a symmetric O(d, d) matrix), and P x denotes x-ordering of the exponential. For any given "equation of state", providing a relation T = T (ρ) between the spatial part of the stress tensor of the sources and their energy density, eqs. (2.23) and (2.24), together with (2.18), represent the general exact solution of the system of string cosmology equations, for space-independent background fields and vanishing dilaton potential.
In general, such a solution presents singularities, for the curvature and the effective coupling constant e φ , occurring in correspondence of the zero of D(x).
It is important to stress that, near the singularity, the contribution of the matter sources becomes negligible with respect to the curvature terms in the field equations (just as in general relativity, in the case of Kasner's anisotropic solution). The relative importance of the source term is measured indeed by the ratio (see for instance eq. (2.7)) 
Therefore
goes to zero at the singularity (D → 0). In this limit, the matter contribution becomes negligible and the general solution presented here reduces to the V = 0 case of the general vacuum solution of the string cosmology equations [22] . Denoting indeed by t c a singular point such that D(t c ) = 0, Γ(t c ) = 0, from eq. (2.26) we have, near this point,
where the constant matrix A satisfies 
Eqs.(2.29) and (2.32) correspond exactly to the equations defining the general vacuum solution of ref. [22] , for the case of vanishing dilaton potential.
Consider now the particular case in which B µν = 0, and we are in a diagonal, but not necessarily isotropic, Bianchi-I type metric background,
(this is the background that will we used here to discuss dilaton production). The matter sources can be represented in a perfect fluid form, but with anisotropic pressure,
In this case we obtain, from the previous definitions, 
and a i0 , φ 0 are additional integration constants. This solution has two curvature singularities at x = x ± . Near the singularity, the presence of matter becomes negligible,
and one recovers the anisotropic vacuum solution of string cosmology in critical dimensions [24, 25] . Indeed, for x → x ± , one has |x| ∼ |t| α/(1±α α i γ i ) , and the solution behaves like
In the large |x| (small curvature) limit, on the contrary, the relation between x and cosmic time is |x| ≃ |t| α/(2−α) , and the solution (2.37)-(2.39) behaves like (for |x| → ±∞)
The critical density parameter, in this limit, goes to a constant
which is obviously Ω ∞ = 1 for an isotropic, radiation-dominated background with
It is interesting to point out that, for any solution a i , φ corresponding to a given set of equations of state, p i = γ i ρ, there are corresponding "dual" solutions obtained through the reflection γ i → −γ i , which leads to a i (γ i ) → a i (−γ i ) = a −1 i (γ i ), preserving however the values of φ and ρ (scale-factor duality [25, 26] ). Such a duality transformation, combined with time reversal t → −t, transforms any given metric describing (for γ i > 0) decelerated expansion with decreasing curvature,ä i < 0, H i > 0,Ḣ i < 0, into a new solution describing (for γ i < 0) a superinflationary expansion with increasing curvature,ä i > 0, H i > 0,Ḣ i > 0 (see also [2] ).
It is convenient, for later use, to write down explicitly the isotropic version of the asymptotic backgrounds (2.42) and (2.44), as a function of the cosmic time t and conformal time η such that dt = adη. In the (d + 1)-dimensional isotropic case, the small curvature limit (2.44) becomes, in cosmic time,
The vacuum, dilaton-dominated limit (2.42) becomes, in the isotropic case,
and, in conformal time,
Note that for γ = 1/d, and t → +∞, eq.(2.46) describes the standard, radiationdominated cosmology with φ = const; the dual case, γ = −1/d and t → 0, with t < 0, describes instead a typical pre-big-bang configuration [2] , with a superinflationary expansion driven by a perfect gas of stretched strings [27] . The dual solution obtained through a more general O(d, d) transformation, applied to the radiation case, corresponds to a non-diagonal metric and an effective viscosity in the source stress tensor, and has been discussed in ref. [20] .
We note, finally, that the solution presented in this section is given explicitly in the Brans-Dicke (BD) frame, whose metric coincides with the σ-model metric to which strings are directly coupled. The passage to the Einstein (E) frame, defined as the frame in which the graviton and dilaton kinetic terms are diagonalized, and the action takes the canonical form
is obtained through the conformal rescaling
The E-transformed scale-factor, a E , and the cosmic time coordinate, t E , are thus related to the original BD ones by
The asymptotic limit (2.46) of the previous general solution thus becomes, in the E frame,
where ρ E is conformally related to the BD energy density ρ by
In conformal time,
(note that the conformal time coordinate is the same in the E and BD frame,
because of eq.(2.52)). The high curvature limit (2.48) becomes, in the E frame,
It should be stressed that the radiation-dominated solution, with γ = 1/d, φ = const, is obviously the same in both frames, see eqs. (2.53) and (2.48) . We note also that, in the vacuum, dilaton-dominated case, the duality transformation which is represented in BD frame by the inversion of the scale factor and a related dilaton shift,
becomes, in the E frame, a transformation between the weak coupling and the strong coupling regime,
60)
without change of the metric background. Concluding this section, we want to stress that the solutions discussed so far describe the situation in which the dilaton potential can be neglected, namely the background evolution at early enough times when the effective coupling e φ is small enough. Indeed, because of non-renormalization theorems, the potential is expected to appear at the non-perturbative level only, and has to be extremely
in the weak coupling regime. At later times, and large couplings, the main effect of the dilaton potential will be taken into account in the form of a dilaton mass term (see Secs. 3 and 5), which freezes the Newton constant at its present value.
Scalar perturbations with dilaton and perfect fluid sources
In order to obtain the equations governing the classical evolution of scalar perturbations, we choose to work in the Einstein frame, where the explicit form of the equations is simpler. This is a legitimate choice since, as we shall see at the end of this section, the scalar perturbation spectrum, just like the graviton spectrum [23] , is the same in the Einstein and Brans-Dicke frames.
In the E frame, the background field equations (with B µν = 0, but with a non-vanishing dilaton potential V ) take the form
where c = 2/(d − 1) (the Einstein frame index, E, will be omitted throughout this section). The coupling of the dilaton to the stress tensor of the matter sources is fixed by the conformal rescaling (2.51), (2.54). We start, for simplicity, with a (d + 1)-dimensional isotropic background, with perfect fluid sources,
and we consider the pure scalar part of the metric perturbations, δg µν ≡ h µν , together with the perturbations of the dilaton background, δφ ≡ χ, and of the matter sources, δρ, δp, δu µ (in the linear approximation scalar, vector and tensor perturbations are decoupled, and evolve independently). We use here for the metric the Bardeen variables Φ, ψ, which are invariant under those infinitesimal coordinate transformations which preserve the scalar nature of the fluctuations [28] [29] [30] . In the longitudinal gauge we thus have the first-order expressions [30] h 00 = 2Φ = h 00 , h 0i = 0
These are to be inserted into the first-order perturbation of the Einstein equations
and of the dilaton equation
Here the covariant derivatives are to be performed with respect to the background metric g µν , and δR µν , δΓ are to be computed to first order in h µν . By using the background field equations, the (i, j) component of eq. (3.5),
which allows us to eliminate everywhere one of the two Bardeen's variables. The (i, 0) component gives a constraint that can be written, in terms of the conformal time η, as
(a prime denotes differentiation with respect to η). The (0, 0) component provides an expression for the density perturbation δρ in terms of the scalar variables ψ and χ,
Finally, the (i, i) component of eq. (3.5) and the perturbed dilaton equation (3.6) give, respectively,
The linear system formed by the four coupled equations (3.8)-(3.11) determines the classical evolution of four independent perturbation variables ψ, χ, δρ and δu (an additional relation between δp and δρ is to be provided by the detailed model of matter sources). In the absence of dilaton background (φ = 0 = χ) one recovers the usual system of equations for hydrodynamical perturbations [30] , while in the absence of fluid sources (T ν µ = 0 = δT ν µ ) one has the usual perturbation system for a scalar field minimally coupled to the metric [30] .
When φ and T µν are both non-vanishing, and δp can be parametrized in terms of δρ as δp = ǫ(t)δρ, we may eliminate δρ by means of eq. (3.9), and the system reduces to a pair of second-order differential equations (3.10), (3.11) for the coupled variables ψ and χ. By introducing the bi-dimensional vector
and by parameterizing the dilaton background as
the above-mentioned pair of equations can be represented in compact form as
where Z k = (ψ k , χ k ) represents the Fourier component of the perturbation vari-
(we have neglected here the possible contribution of the dilaton potential, by putting ∂V /∂φ = 0 = ∂ 2 V /∂φ 2 ). We note that a system of coupled scalar perturbation equations similar to (3.14) was previously considered also in refs. [31, 32] where, however, a scalar field model of source ("inflaton" matter) was used, instead of the fluid model adopted in this paper.
Without further approximations, ψ and χ are thus in general non-trivially mixed, with time-dependent mixing coefficients determined by the explicit model of sources, γ = p/ρ, ǫ = δp/δρ, and by the background kinematics, a(t), φ(t),
according to eq. (3.14). The solution of (3.14) provides in turn, for any given background configuration, a unique determination of the density contrast δρ/ρ through eq. (3.9), and of the velocity perturbation δu i through eq. (3.8).
Equations (3.8)-(3.11) are linear in the perturbations and just describe their classical evolution without specifying their absolute magnitude. As clearly stressed in ref. [30] (see also refs. [33, 34] ), in order to determine the absolute magnitude of the vacuum fluctuations and their spectral distribution, one must express the perturbations in terms of the correctly normalized variables satisfying canonical commutation relations. These can be determined by expanding the action to second order in the fluctuations.
For the pure metric-scalar field system (T ν µ = 0) such a canonical variable is known to be fixed by the following linear combination of χ and ψ [35] [36] [37] 
For a pure fluid source (φ = 0), with constant ǫ, the canonical variable is instead [38, 39] 
where f is the velocity potential determining the fluid perturbations as
(we have assumed d = 3 in the previous three equations). The variables v, w play the role of "normal coordinates", decoupling the system of perturbation equations, and reducing the action to the free scalar field form [30] . Only when ψ is expressed in terms of such variables does one get a canonical normalization of the Fourier modes ψ k , and then the correlation function for the metric fluctuations
provides the correct spectral distribution for the metric
and for the dilaton, δ χ (k), through eq.(3.16).
If T ν µ and φ are both non-vanishing, one could try a perturbative approach to the spectrum (as in refs. [32, 40] ), by keeping the definitions of v and w fixed as a zeroth-order approximation. In such case, the constraint (3.8) gives
By eliminating f and χ in terms of v and w through eqs. (3.16), (3.17) , by using the constraint (3.21) and the background field equations, one can then express the Fourier mode ψ k , from eq. (3.9), as
Moreover, the system of equations formed by eq. (3.11) and by the combination of eqs. (3.9) and (3.10) obtained by eliminating δρ, can be written as a system of two second-order differential equations for the coupled modes v k and w k . Its solutions, when inserted into eq. 
In general, dilaton and metric fluctuations will have different spectral distributions, |δ ψ | = |δ χ |. The coupled system of equations is rather complicated, but it seems possible, in principle, to obtain a large variety of spectra as the equation of state and the ratio δp/δρ are appropriately varied [41] .
In this paper we shall consider a model (see Sec. 4 for its motivations) in which the universe evolves from a three-dimensional, dilaton-dominated phase of the pre-big-bang type (with negligible fluid sources, T ν µ = 0 = δT ν µ ), to the standard radiation-dominated phase (p = ρ/3), adiabatic (ǫ = 1/3), and with frozen Newton constant (φ = const). More complicated scenarios will be analysed in future works [41] . The phase of pre-big-bang inflation is assumed to extend in time from −∞ up to the time η = −η 1 < 0, which marks a sudden transition to the phase of radiation dominance. For η < −η 1 the constraint (3.8) thus becomes
where, according to eq. (3.16),
When the constraint is inserted into eq. (3.9), and eq. (3.24) is used in order to eliminate χ and χ ′ , we are led to a relation of the form (3.22), namely
In the absence of matter sources, eq. (3.11) becomes equivalent to the combination of eqs. (3.9) and (3.10). By expressing χ k in terms of v k according to eq. (3.24), and by eliminating ψ ′ , ψ ′′ through eq. (3.23), we finally get the canonical perturbation equation [30] , valid for
In the second, radiation-dominated phase (η > −η 1 ), we assume that the dilaton acquires a mass m, and it stays frozen at the minimum of the potential (with possible small oscillations around it), so that
In this case χ decouples from the metric fluctuations (see eqs. (3.8)-(3.11)), that are coupled now to the fluid perturbations only; the canonical variable for their quantization is thus given by eq. (3.17). As a ′′ /a = 0 in the radiation phase, it turns out however that for η > −η 1 both w and aχ satisfy the free oscillator equation, w ′′ /w = const (apart from the dilaton mass term, assumed to be negligible at early enough times, see Sec. 5). As a consequence, ψ and χ will have the same spectrum (identical, in this case, to the tensor perturbation spectrum), which can be computed by adopting a second quantization approach, regarding the amplification of the perturbations as a process of particle production from the vacuum, under the action of the cosmological background fields [30] . The Bogoliubov coefficients c ± for such a process are obtained by matching the solution of eq. (3.25) to a general solution of the plane-wave type,
valid for η > −η 1 . By assuming, for η < −η 1 , that
The solution of eq. (3.25) describing oscillations with positive frequency at η = −∞, and defining the initial vacuum state, is thus given in terms of the Hankel function of the second kind, H (2) , as
The continuity of v k and v ′ k at the transition time η = −η 1 fixes the Bogoliubov coefficient c − (k), and the corresponding expectation number of particles produced in the mode k. For k < ∼ 1 we obtain
(higher-mode production turns out to be exponentially suppressed [3, 42] , and can be neglected for the purpose of this paper). In terms of the proper frequency ω = k/a, the energy density ρ χ of the produced dilatons is thus characterized by a spectral distribution ωdρ χ /dω ≃ ω 4 |c − | 2 , which may be written, in units of
where ω 1 (t) = H 1 a 1 /a(t) is the proper frequency of the highest excited mode (here we have supposed α ≥ −1/2). This is the same spectrum as that obtained in the graviton case [43] , with an intensity normalized to the final inflation scale H 1 . It is growing for a phase of superinflationary pre-big-bang expansion (α < 1), flat for de Sitter (α = 1), and decreasing for power-law inflation (α > 1). It should be stressed that this second quantization approach is convenient to discuss the squeezing properties of the produced radiation [3, 34, [44] [45] [46] [47] but, as far as the perturbation spectrum is concerned, it is completely equivalent to the more traditional approach in which one computes the parametric amplification of the perturbation amplitude. In this second approach one has indeed, according to the "effective potential" z ′′ /z of eq. (3.25), a mode amplitude that is constant,
and which grows with power-like behaviour in η in the non-oscillatory region defined by k 2 << |z ′′ /z| (in the subsequent radiation era the solution for v is again oscillating, with frozen amplitude). In the non-oscillatory region
(c 1 , c 2 are integration constants) is the general solution of eq. (3.25) to first order in k 2 (the first sub-leading term has been included to have non-trivial derivative of v/z). This gives, for the background (3.28) (with obvious redefinition of c 1 , c 2 , and introducing a further numerical constant c 3 ),
For α > 0 (inflationary expansion) the first term is the dominant one in the the |η| → 0 limit, and the wave amplification achieved in this limit can thus be estimated as [30] v
The variable at the denominator is to be evaluated at the time η ≃ k −1 , where the mode k "hits" the effective potential barrier z ′′ /z ≃ η −2 (otherwise stated: at the time of first horizon crossing, when H = ω). By inserting this value of v into eqs.(3.24a) and (3.20) , and recalling the definition of z, we are led to
which is the standard expression for the scalar perturbation spectrum [35, 48] associated with the inflation-radiation transition (see Sec.4 for a proof of the fact that the same result is recovered in the case of contracting backgrounds). The same spectrum is obtained for the dilaton perturbations, since we have, from eq. (3.24),
It is important to stress that this expression, when multiplied by G, exactly coincides with the spectral energy density (3.32) (modulo numerical factors of order unity), evaluated in the radiation era. Indeed, multiplying and dividing eq.
in agreement with eq. (3.32) for a ∼ t 1/2 ∼ H −1/2 .
As already stressed in ref. [23] for the tensor perturbation case, we want to remark finally that the scalar perturbation spectrum is the same in the E and BD frame, as a consequence of the equality of the two conformal time coordinates (see Sec. 2). Indeed, quite independently of the computational method (first or second quantization) the spectral behaviour of the energy density is fixed by the Bessel index ν of the solution of eq. (3.25), which depends, in turn, on the slope of the effective potential z ′′ /z. For a generic d = 3 background in the E frame we have (recall eq. (2.55))
so that, according to eq. (3.29)
Equation (3.25) for v k is not conformally invariant, and in the BD frame the effective potential becomes
In this frame, however, the spectrum is determined by the conformally transformed backgrounds, namely by the solutions (2.46), (2.47) of the BD field equations. By inserting their explicit expressions for d = 3 we get
which coincides with the effective E-frame potential (3.40) because of the equality η BD = η E . The same result holds for a dilaton-driven evolution, described by the solution (2.57) and by its BD-transformed expressions.
Pre-big-bang scenario in the Brans-Dicke and Einstein frames
As seen in the previous section, the spectral distribution of the perturbations is uniquely fixed by the explicit form of the background solution. The time evolution of the background fields is determined, in turn, by the particular model of matter sources. As in our previous work [20, 27] , our model of sources consists of a sufficiently diluted gas of classical fundamental strings whose mutual interactions are described, in a mean-field approximation sense, as the interaction of each single string with the background generated by all the others according to the tree-level effective action (2.4). The source stress tensor appearing in eq. (2.1) is thus given by a sum over all strings (labelled by i) of the stress-tensor of each individual
and, for each i, the coordinates X µ satisfy the string equations of motion in the given background,
Here (2πα ′ ) −1 is the string tension, Γ α µν the Christoffel symbol for the background metric g µν , τ and σ the usual world-sheet time and space variables (we are using the gauge in which the world-sheet metric is conformally flat).
The general exact solution of the system of equations (2.1)-(2.3), (4.1), (4.2) is hard to find and certainly impossible to express in closed form. In some appropriate asymptotic regime, however, the solution of the string equations of motion, when inserted into the energy-momentum tensor (4.1), provides an effective equation of state that allows us to describe the string sources in the perfect fluid approximation [20, 27] , and to recover the general background solutions of Sec. 2. The cosmological solution we are looking for is characterized in particular by having, as initial configuration, the string perturbative vacuum, namely flat spacetime with vanishing torsion and coupling constant, H µνα = 0, φ = −∞. In this regime, strings move freely, do not decay, and behave as a pressureless gas with an energy density ρ. We shall assume ρ to be small enough initially so that, as we shall see, it will represent a negligible source of curvature. On the other hand a finite ρ is certainly sufficient to make the dilaton evolve away from the perturbative minimum.
Indeed, the negative branch (x ≤ x − ) of the general background solution with perfect fluid sources, eqs. (2.37)-(2.39), may be written in the case of vanishing pressure (γ i = 0) as
(t i are integration constants, and we have performed a time translation to shift the singularity from x = x − to the origin, by choosing x 0 = −T (e φ 0 /4L)). This background is certainly consistent with the solution of the string equations of motion (4.2) in the t → −∞ limit. Indeed, in this limit, the metric is flat, Equation (4.1) gives then T 0 0 = const, T i i = 0, namely a stress tensor describing dust-like matter in the perfect fluid approximation. For t ∼ −T , however, the curvature scale begins to increase, the string sources progressively enter a nonoscillating unstable regime [27] , and one must then take into account the fact that the ratios γ i = p i /ρ begin to evolve in time.
In connection with this last point we note that the solution (4.3), which, for t ≤ 0, gives
is characterized by two scales. One is the curvature scale (|H T | ∼ T −1 at t ∼ −T ) at which the transition from a flat to a curved space-time regime occurs and inflation begins. At t ∼ −T , the curvature H 2 is of the same order asφ 2 or ρe φ while, much earlier, it was negligible. By contrast, much later than t = −T , it is ρe φ that becomes negligible and one recovers the vacuum solutions; T is a free phenomenological parameter of the solution. The other scale is the maximal scale |H 1 | ∼ t −1 1 , at the time t ∼ −t 1 , after which the solution is no longer valid, because higher orders in α ′ have to be added to the low-energy effective action (2.4 ). This final scale t 1 is thus determined by the string tension as t 1 ≃ √ α ′ = λ s , where λ s is the fundamental (minimal) length parameter of string theory [49] , which may be assumed to coincide roughly with the present value of the Planck length, l p = M −1 p . The important point to be stressed is that, in any realistic inflationary scenario, T and λ s cannot be of the same order, as we will now show.
When |t| < T , the solution describes an accelerated evolution given asymptotically by
and which is of the type given in eq. (2.42) (we call "accelerated" a configuration in whichȧ,ä andḢ have the same sign, positive for expansion, negative for contraction [2, 23, 27] ). In this metric, the particle horizon along any given spatial direction,
evolves for |t| << T like the scale factor, d i p ∼ a i , while the event horizon
shrinks linearly in time, d i e ∼ (−t), for t → 0. The ratio of the two proper sizes r i (t) = d i p /d i e thus grows in time, for |t| << T , as (−t) −α i −1 ∼ (−η) −1 . On the other hand, the horizon problem of the standard cosmological model [50] is solved if, for every spatial direction, the growth of the ratio r i (t) when |t| is ranging from T to t 1 , is large enough to compensate the decreasing of the ratio in the subsequent decelerated phase down to the present time t 0 . This implies, in the hypothesis that the pre-big-bang era is followed by the standard radiation-dominated (until t = t 2 ) and matter-dominated evolution,
(the same condition is required to solve the flatness problem, see below). For an expanding d-dimensional isotropic background α i = 1/ √ d (see eq. (2.48)), and the previous condition gives in particular, for
We shall thus assume that the scale T appearing in the solution (4.3) is much larger than the string scale λ s ≃ M −1 p . This fact has an important consequence. In this case the background (4.3) becomes in fact a good zeroth-order approximation to the general solution of the full system of equations, consistent with the string equations of motion not only in the asymptotic limit t → −∞.
By adopting an iterative approach, let us assume indeed the solution (4.3) to be a zeroth-order approximation, and let us compute the first-order corrections by inserting that solution into the string equations of motion, in order to obtain the corresponding value of γ i (t). To this aim we observe that the given background is characterized, asymptotically, by an accelerated metric with shrinking event horizons (see eq. (4.6)). We recall that, in such a background, the string equations of motion admit oscillating solutions, corresponding to strings with constant proper size L s , provided L s is smaller than the size of the event horizon ∼ H −1 (t) (stable strings), while the solutions describe non-oscillating strings with L s (t) ∼ a(t) if L s > H −1 (unstable strings) [27] .
The evolution of a network of strings with some initial distribution in backgrounds of the type discussed above can be investigated [51] . One can show that the number n(L s , t) of strings (per unit length) of given size L s , at time t, must satisfy in the given background the approximate evolution equation [51] ∂n
where θ is the Heaviside step function. Its general solution can be written in implicit form as [51] n(L s , a(H)) = n 0 (L s )θ(
where n 0 is the initial string distribution. The energy associated at a time t with stable (ρ S ) and unstable (ρ U ) strings can be estimated as
However, for a perfect gas of stable strings, p S = 0, while, for unstable strings, p U = ±ρ U /d, with the sign fixed by the exponent α i of eq. (4.6), sign{p U } = −sign{α i }, as discussed in [27] . Therefore, the ratio γ = p/ρ as a function of time, for a perfect gas of strings in an accelerated metric background, can be approximated as
By inserting into eqs. (4.13) and (4.14) the solution (4.12) expressed for our particular metric (4.6), with an initial string distribution n 0 (L s ) ∼ L −3 s , one then finds for each spatial direction [51] 15) where H i is given by eq.(4.5). The above result is valid for |H i | < λ −1 s ≃ M p and is not very sensitive to the initial string distribution.
We now insert this expression into the right-hand side of the field equations (2.18), (2.19) , by recalling that, for the pressureless background (4.3) one has, to zeroth-order,
Then, to next order,
According to our iterative approach, the integration of eqs. We stress that, in this scenario, when |t| << T the source term ρe φ becomes negligible with respect to H 2 andφ 2 (see eq. (4.5)); quite independently of the exact value of the pressure and of the particular type of equation of state at the scale T , the background rapidly converges, for |t| << T , to a phase of vacuum, dilaton-driven accelerated evolution (as discussed in Sec. 2), described by the metric (4.6). We are left, therefore, with two phenomenological possibilities.
The first is the case in which T , and then the temporal extension of the regime (4.6), is much larger than the minimal value fixed by eq. (4.9) to secure a phenomenologically sufficient amount of inflation. This means, in conformal time,
where η 0 is the time when the largest scale, corresponding to the minimum frequency mode ω 0 = H 0 , was pushed out of the event horizon during the pre-bigbang phase. In this case, all today's observable scales crossed the horizon in the dilaton-driven regime (4.6), so that the presently observed perturbation spectrum is wholly determined by the metric behaviour of that regime, quite independently of possible earlier matter corrections to the background. The second possibility is the case of nearly "minimal" inflation, corresponding to the equality in the condition (4.9), which then implies |η T | ∼ |η 0 |. In this case the largest scales crossed the horizon when the contribution of the string sources to the metric background was of the same order as the dilaton contribution. As a consequence, the low-frequency part of the scalar perturbation spectrum may be affected by the matter corrections, and may be sensitive to the particular type of equation of state. The spectrum is thus to be computed by including the nontrivial mixing induced by the source terms T µν and their perturbations, δT µν , as discussed in Sec. 3.
As was anticipated there, in this paper we will discuss only the first possibility. We shall assume, in particular, that the phase of accelerated evolution responsible for the solution of the standard kinematic problems, and for the amplification of the perturbations (at all presently accessible scales), is described by a threedimensional, isotropic, dilaton-dominated background with
(according to eqs. (2.48), (2.49)). More complicated scenarios, in particular with higher-dimensional, anisotropic, sourceless backgrounds will be analysed elsewhere [41] ).
The metric (4.19) describes superinflationary expansion [52] . In order to obtain the dilaton spectrum, by applying eq. (3.32), we must transform however the solution (4.19) into the E frame, where it takes the form (see eqs. (2.57),
This metric describes, for t → 0 − , a contracting background. Potentially, this represents a difficulty of the whole scenario: indeed, the approximation of a diluted string gas might be no longer valid in a contracting background, as well as the approximated expression (3.36) for the perturbation spectrum, obtained in the case of inflationary expansion. Most important, it might seem impossible, in a contracting background, to achieve a solution of the standard kinematic problems [50] , thus rendering "frame-dependent" the inflationary virtues of the pre-big-bang scenario.
Surprisingly enough, however, this is not the case, as a consequence of the fact that the contraction of the metric (4.20) is of the accelerated type, withȧ < 0, a < 0,Ḣ < 0 (one can show, in general, that all the BD solutions describing superinflationary expansion, with or without matter sources, are transformed through the Weyl rescaling (2.52) into E backgrounds whose metric describes accelerated contraction [23] ). Let us show, first of all, that a phase of accelerated contraction is equally good to solve the kinematic problems of the Standard Model as a phase of superinflationary expansion, characterized byȧ > 0,ä > 0,Ḣ > 0. Consider indeed the so-called flatness problem: the spatial curvature term becomes negligible with respect to the other terms of the cosmological equations if the ratio
goes to zero during inflation. Such a condition is certainly satisfied by a metric which behaves, asymptotically, as
for t → 0 − . For α < 0 this metric parametrizes the known case of pole-inflation (superinflationary expansion [52]). For 0 < α < 1 one has instead accelerated contraction. In both cases the curvature scale is growing, and H,Ḣ diverge as t → 0 − . Accelerated contraction can also provide a solution to the horizon problem.
Indeed, by recalling the previous definitions of particle (eq. (4.7)) and event (eq. (4.8)) horizon, one finds that the ratio of their proper sizes in the background (4.22),
diverges for t → 0 − . This means that causally connected regions will always cross the horizon, asymptotically, not only in the case of superinflationary expansion (α < 0), but also in the case of accelerated contraction (0 < α < 1).
It is important to stress that the condition for a successful resolution of the horizon and flatness problems, when expressed in conformal time, is exactly the same for superinflation and accelerated contraction. Quite independently of α, in fact, the ratio r 2 scales as η −1 , while r 1 scales as η 2 . The horizon problem is solved if r 2 , evaluated at the end of inflation (η = η f ), is larger than a present value of r 2 of order unity, rescaled up to η f . Namely
where η i denotes the beginning of the (contracting or expanding) accelerated evolution (see also eq. (4.9)). The flatness problem is solved if r 1 , at η = η f , is tuned to a small enough value, so that the subsequent decelerated evolution leads to a present value of the ratio r 1 (η 0 )
which is clearly equivalent to the previous condition, as expected.
Therefore, if the accelerated phase of pre-big-bang is long enough to solve the kinematic problems in the BD frame, where the metric describes a superinflationary expansion, then the solution holds also in the E frame where the metric describes an accelerated contraction, because the conditions are the same in conformal time, and the conformal time is the same in the two frames [23] . (We note, incidentally, that the kinematic problems can thus be solved also if one chooses negative integration constants, t i < 0, α i < 0, for the background solution (4.6), corresponding to a metric describing an accelerated contraction already in the BD frame). For the solution of the entropy problem, of course, a non-adiabatic phase associated with the inflation-radiation transition is required, in addition to the accelerated kinematic, as recently stressed also in [53] .
As far as the dilution of the string gas is concerned, we recall that in the BD frame a model of source as a weakly interacting string network is a very good approximation. In that frame, indeed, by starting at some initial time t i with a packing factor = (average distance/average size) of order unity, one ends up, at any subsequent time t f , with a number of strings per unit of string volume that is diluted as n f /n i = (a i /a f ) d (< 1 since the metric is expanding). In the E frame the metric is contracting, but the string proper size L E s (t) shrinks with time as L E s (t) = (a E /a)λ s , where a is the BD scale factor. As a consequence, the number of strings per unit of string volume scales as n(t) = (L E s /λ s ) d a −d E = a −d , and it is again diluted as time goes up, exactly by the same amount as in the BD frame. In other words, one finds that, at the end of inflation, a region of space of initial linear dimensions O(λ s ) has become exponentially large in Planck units, irrespectively of the frame that is being used. With similar arguments one can show [23] that the heating up of the string gas with respect to the radiation, which is easy to understand in the BD frame where the metric is expanding and the radiation is red-shifted, also occurs in the E frame, in spite of the fact that the radiation is blue-shifted because of the contraction.
We want to show, finally, that the result (3.36) for the scalar perturbation spectrum is also valid if the transformed metric, in the E frame, is a contracting one. Consider in fact eqs. (3.33), (3.34) , for the mode v k in the non-oscillating regime. Since the variable z = aφ/H goes like a for φ ∼ β ln a, it might seem that for fast enough contraction the second term of the expansion could dominate the first one, asymptotically, thus changing the perturbation spectrum. We must recall, however, that in the scenario that we are considering the universe evolves from an initial phase of pre-big-bang to the standard, decelerated, radiation-dominated expansion. In the BD frame the universe is always expanding, H BD > 0, while in the E frame an initial contraction (H E < 0) turns into a final expansion (H E > 0), with a necessary turning point of H E at some time η ⋆ near the transition time −η 1 . On the other hand, the conformal transformation (2.52) gives (in d = 3) H E = (H BD −φ/2)e φ/2 : it follows thatφ = 0 where H E = 0, and that z → ∞ for η → η ⋆ , so that the first term of the expansion (3.33) is still the dominant one even in the E frame.
By putting, in this frame, a ′ /a ≃ (a ′ /a) ′ ⋆ (η − η ⋆ ) for η → η ⋆ (z → ∞), the amplification of ψ k in this limit can thus be estimated as (using eq. (3.24a))
where φ ′ ⋆ ≡ φ ′ (η ⋆ ), and we have used the background equation φ ′2 = −6(a ′ /a) ′ . We thus recover for |δ ψ | 2 = k 3 |ψ k | 2 in the E frame the standard result (3.36), in spite of the contracting character of the transformed pre-big-bang metric.
Phenomenological constraints on the dilaton spectrum
In the simplified model of pre-big-bang motivated and discussed in the previous section, and described by the background (4.20), the dilaton perturbations are amplified with a growing spectral distribution: one has, from eq. (3.32),
The total dilaton energy density ρ χ (t) is thus dominated by the highest-frequency mode ω 1 ,
and since ρ χ (t) decreases in time like the radiation density (∼ a −4 ), its value in critical units, Ω χ (t), remains constant during the radiation-dominated era (H ∼ a −2 ). The requirement that the produced dilatons do not overclose the universe (Ω χ < 1) in the radiation era thus imposes the condition
which is also needed from a similar constraint on gravitons (this constraint is valid not only for the particular case (5.1) but also, more generally, for all growing dilaton spectra, whose integration leads to an Ω χ (t) similar to that of eq. (5.2) ).
If the dilaton would be massless, this would be the end of the story. However, in spite of some recent attempt [54] at motivating the possibility of a massless dilaton in a string theory context, present conventional wisdom seems to favour a non-vanishing dilaton mass, with a mass value closely related, in particular, to the phenomenology of supersymmetry breaking (see [55] for a recent discussion). But, even independently from possible supersymmetry motivations, a non-vanishing mass seems to be a compulsory consequence of the fact that dilatons couple nonuniversally to macroscopic matter, with coupling strength not smaller than the gravitational one [4] . We shall reproduce below, for completeness, the argument given in ref. [4] actually making it slightly more general.
The large distance behaviour of dilaton couplings is indeed determined by the string effective action Γ, whose general form, including possible loop corrections, can be written as
Here Z R , Z φ , Z k , Z m are complicated (known in principle, but unknown in practice) coupling functions, G µν is the (dimensional) sigma-model metric, and we have represented the matter part of the action as a set of (dimensionless) scalar fields ψ i (fundamental fermions can be added without difficulty [4] ). In order to evaluate the effective dilaton couplings we must restore, first of all, the canonical form of the kinetic-energy terms, by rescaling field and masses. The dilaton coupling to matter fields is then obtained from the effective interaction Lagrangian, expressed in terms of the rescaled variables.
To this aim we note that the graviton kinetic term of eq. (5.4) reduces to the canonical Einstein Lagrangian by putting
where g µν is the dimensionless Einstein metric. By defining a new scalar field (with canonical dimensions) σ, such that
and new rescaled matter fieldŝ
the action (5.4) can be written in canonical form as
We now expand the effective matter-dilaton interaction Lagrangian, µ 2 iψ 2 i , around the value of σ which extremizes the dilaton potential (and which can always be assumed to coincide with σ = 0, after a trivial shift). Defining
we can express the rescaled mass of the matter fields as
R σ=0 (5.11) and the effective matter-dilaton couplings (including loop corrections) as
In the weak coupling regime,
where g is the gauge coupling constant of the superstring unification group, and one finds that the effective dilaton coupling strength g i /m i deviates from the standard "gravitational charge" √ 4πG D m i by the factor
where the last equality refers to d = 3. As already stressed in ref. [4] , eqs. (5.12) and (5.13) clearly show two important phenomenological effects. The first is that string loop contributions violate the universality of the effective dilaton couplings, as the factors k i are different for particles whose mass has different origins; the second is that the dilaton coupling is even stronger than the graviton coupling, as k i ≥ 1 for all known cases [4] and, in particular, for the confinement-generated component of hadronic masses. Such a conclusion has recently been challenged [54] on the basis of a possible new mechanism forcing eq.(5.13) to give a vanishing (or very small) result. It is difficult for us to understand how such a cancellation can occur for any realistic present value of the dilaton. The existence of a non-universal scalar force of gravitational strength may be reconciled with the Eotvos-Dicke-Braginski experiments only if its range is finite [56] . By considering the present results obtained from tests of the equivalence principle [5] , it follows in particular that the dilaton corrections to low-energy Newtonian gravity are only allowed if their range is smaller than about 1 cm, namely for a dilaton mass m > ∼ m 0 = 10 −4 eV (5.14)
We now turn to the discussion of bounds following from the energy stored in the dilaton perturbations (or, if we prefer, in actual scalar particles associated with that field). Our discussion follows closely that of ref. [8] . The expression (5.2) for the dilaton energy density was obtained neglecting the contribution of the rest energy to the proper oscillation frequency E(t) = (k/a) 2 + m 2 (see eq.
(3.27)). Therefore, for a massive dilaton, eq. (5.2) is only valid at early enough times for which ω 1 (t) = k 1 /a > m (and it is thus certainly not valid today, in view of the previous bound and of eq. (1.4) ). At later times eq. (5.2) is to be corrected to take into account the mass contribution. Let us suppose, first of all, that m < H 1 = ω 1 (t 1 ), so that eq.(5.2) holds initially, at the beginning of the radiation era, and that Ω χ stays dominated by the highest mode ω 1 also in the non-relativistic regime. The proper frequency ω 1 is red-shifted as the curvature scale decreases in time, and the dominant mode becomes non-relativistic at a scale H nr ≡ H(t nr ) such that
For H < ∼ H nr the oscillation frequency E 1 (t) = ω 2 1 (t) + m 2 is dominated by the mass contribution, and the corrected dilaton energy density can be obtained from eq. (5.2) through the rescaling
a nr a 3 (5.16) (see also [8] 
The condition H i < H 2 , reading now m
where Ω χ is the constant dilaton density (5.18 
The reheating of the radiation gas from T d to T r thus produces an entropy increase Note, however, that this last condition may be evaded in the case of low-energy baryogenesis and, in particular, in the case of baryogenesis associated with the dilaton decay itself [55, 58] , occurring at scales not much distant from nucleosynthesis. The bounds so far considered refer to the case in which the dilaton energy density stays always dominated by the contribution of the highest-frequency mode ω 1 , even in the non-relativistic regime. This is certainly true for the distribution (5.1), with spectral index δ = 3, but for a more complete phenomenological discussion let us consider also * the coherent oscillations, with frequency m, of the * The necessity of considering lower modes and of distinguishing two intervals in δ was pointed out to us by A. Starobinsky. If, on the contrary, m > 10 4 GeV , the nucleosynthesis scale is subsequent to dilaton decay, and the only possible constraint [57, 58] 
For all modes that are relativistic at the beginning of the radiation era (η = −η 1 ), namely for k > ma 1 , one then recovers the dilaton spectrum (3.32) by matching the pre-big-bang solution (3.30) with the plane wave (3.27), which is a solution of eq.(5.35) in the case of negligible mass. If, however,
then the mass term cannot be neglected, even in the case of the highest mode k 1 .
All modes are non-relativistic already at η = −η 1 , and satisfy the approximate equation χ ′′ k + m 2 a 2 χ k = 0 (5.37)
By using the identity m 2 a 2 = m 2 H 2 1 a 4 1 η 2 , valid in the radiation era, the general solution of (5.37), for mH 1 a 2 1 η 2 ≃ (m/H 1 )(η/η 1 ) 2 > 1 can be expressed as to avoid an over-critical density of massive dilatons at the beginning of the radiation era. In this case there are no further bounds on m since, as a consequence of eq. (5.42), the dilaton energy is dissipated before a possible dominance. Indeed, the initial scale H i corresponding to Ω χ = 1 is, from eq. (5.41),
Therefore, H i /H d = H 1 m/M 2 p < 1, just because of eq. (5.42) (unless H 1 > M p , but this is to be excluded to avoid over-critical dominance of other massless particles, such as gravitons, produced by the same background transition).
By collecting all previous phenomenological constraints we obtain a final allowed region in the (m, H 1 ) plane, which depends on δ and which is illustrated in Fig. 2 for the three cases δ = 0, δ = 0.5 and δ = 1. We recall that, for a large enough spectral slope, δ > 1, the bounds become slope-independent and coincide with those of the δ = 1 case, which then defines the maximum allowed region for a growing dilaton spectrum (as stressed also in [8] ). As clearly shown by the pictures, one of the main effects of a positive spectral index is that light, relic dilatons become compatible with higher and higher inflation scales as δ ranges from 0 to 1. If we take, for instance, H 1 ≃ 10 −5 M p as a typical reference value, we find, for all spectra with δ > ∼ 0.1, allowed mass windows for a background of relic dilatons dominating the present energy density . For δ > ∼ 1, moreover, even the T eV mass range, which is supported by some supersymmetry-breaking arguments [55] , but which lies in the most unfavourable region for the various cosmological constraints, may become compatible with H 1 ≃ 10 −5 M p . We note, finally, that our allowed regions refer to the cosmological amplification of the quantum fluctuations of the dilaton background. The classical dilaton background is here assumed to sit at the minimum of the dilaton potential, with negligible (with respect to quantum fluctuations) oscillations around it. The classical oscillation amplitude, however, could be too large to be negligible. In that case one should add, to the bounds discussed here, the bounds on m obtained by taking into account the contribution of the classical oscillations to the total cosmological energy density [7] . The initial amplitude of such possible classical oscillations depends, however, on the details of the transition from the accelerated to the decelerated regime. Having neglected such possible additional bounds, the allowed region determined here is to be regarded, for each value of δ, as the maximal allowed region in parameter space.
Conclusions
In this paper we have presented the general solution of the equations obtained from the low-energy string effective action, for the case of space-independent background fields, vanishing dilaton potential and classical strings as possible matter sources. In the perfect fluid approximation, the solution is uniquely fixed by the choice of the equation of state. We have shown that a model of initial sources such as a pressureless gas of weakly interacting strings provides an approximate, but consistent solution to the full system of background equations and string equations of motion.
This model supports a scenario in which an initial flat perturbative string vacuum evolves towards a high curvature, strong coupling regime through a phase of accelerated expansion or contraction. This is the so-called pre-big-bang epoch, originally motivated in [2, 25, 27] by the duality symmetries of the string effective action. Accelerated contraction, typical of an Einstein frame representation of the pre-big-bang scenario, works as well as the more conventional inflationary kinematic (accelerated expansion) in order to solve the standard cosmological problems.
We have derived, for an isotropic background, the general coupled system of scalar (metric plus dilaton) perturbation equations, and shown that the transition from the pre-big-bang phase to the standard, radiation-dominated cosmology, is associated with a copious production of cosmic dilatons, whose spectral distribution grows with frequency. We have discussed the consequent phenomenological bounds on the dilaton mass and on the inflation scale, by combining it with other bounds obtained from tests of the equivalence principle. As a result, we have found allowed windows for the dilaton mass compatible with a possible "dilatonic" solution of the dark matter problem.
The particular model of pre-big-bang considered in this paper leads, however, to scalar metric perturbations, which cannot be taken as the origin of the observed CMBR anisotropy, since their spectrum grows too fast with frequency. This can be a welcomed result to people believing in a different source of anisotropy (e.g. in cosmic strings, which could naturally arise in this context as remnants of the violent, non-adiabatic transition from the growing to the decreasing curvature regime). On the other hand, such a result cannot be really taken as typical of our scenario, since we have neglected various effects that may decouple metric and dilaton perturbations leading to a different (possibly flatter) spectrum of metric perturbations. We have in mind, for instance, the contribution of matter sources to the background solutions during the phase of parametric amplification of the vacuum fluctuations and/or a non-trivial evolution of the internal dimensions, whose dynamical compactification introduces at least one additional scalar variable in the perturbation equations.
The most serious omission of this paper is, however, the lack of a detailed description of the transition between the pre-big-bang regime (growing dilaton and curvature scale) and the post-big-bang regime (constant dilaton and decreasing curvature scale). We avoided to face this problem in this paper, as we believe that the low-energy effective action adopted here can no longer represent an adequate approximation for that purpose. A recent investigation [59] strongly suggests that higher curvature corrections should play a fundamental role in solving the "gracious exit" problem in string cosmology. Furthermore a non-perturbative dilaton potential must be added in the post-big-bang era in order to pin down the dilaton to its present value and to give it a mass.
We do not conceal that the high-curvature transition from inflation to standard cosmology is, at present, the least understood aspect of the whole string cosmology scenario and that it certainly deserves future detailed investigations. We stress however that, once the mechanism that stops the growth of the dilaton and of the curvature and converts non-adiabatically their kinetic energy into radiation is clarified, the phenomenology developed in this paper should remain valid without further modifications and quite independently of the details of the transition process. Inflation scales higher than M p are excluded in order to avoid over-critical density in the primordial relativistic particle production. 
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